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Integrates connectivity and node covariates for network clustering.
Data-driven tuning balances connectivity and covariate signals.
Spectral clustering with automatic community number selection.
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A B S T R A C T
Community detection is a central task in network analysis, with applications in social, biolo
and technological systems. Traditional algorithms rely primarily on network topology, whic
fail when community signals are partly encoded in node-specific attributes. Existing cova
assisted methods often assume the number of clusters is known, involve computati
intensive inference, or are not designed for weighted networks. We propose C4: Cov
Connectivity Combined Clustering, an adaptive spectral clustering algorithm that inte
network connectivity and node-level covariates into a unified similarity representatio
balances the two sources of information through a data-driven tuning parameter, estimat
number of communities via an eigengap heuristic, and avoids reliance on costly sam
based procedures. Simulation studies show that C4 achieves higher accuracy and robu
than competing approaches across diverse scenarios. Application to an airport reacha
network demonstrates the method’s scalability, interpretability, and practical utility for
world weighted networks.

troduction
ommunity detection is a central problem in network analysis that seeks to identify groups of nodes that are den
onnected or share similar attributes within a larger network (Girvan and Newman, 2002; Fortunato, 2010). In
, we use community detection to refer to the graph clustering task of assigning nodes to latent groups base
rk connectivity, node covariates, or both. Uncovering such communities reveals the organizational structur

ional modules that govern complex systems. In social networks, community detection has been widely use
ze collaboration and interaction patterns (Barabási, Jeong, Néda, Ravasz, Schubert and Vicsek, 2002; Handc
ry and Tantrum, 2007; Ji, Jin, Ke and Li, 2022), with methodological advances further enhancing the modelin
tructures (Ouyang, Dey and Zhang, 2021, 2023). In biological systems, modular organization plays a fundam
n processes such as brain function (Sporns and Betzel, 2016). In technological and information netw
unity detection supports the analysis of incomplete or large-scale structures (Lin, Kong, Yu, Wu, Jia an
. Applications also extend to public health, where clustering methods have been employed to group state

se dynamics and to model covariate-assisted network structures (Chen and Zhang, 2022; Louit, Clark, Gelb
, Yan and Zhang, 2025). The ubiquity of network data across these diverse domains underscores the importan

oping reliable community detection methods to uncover hidden structures and gain insights into the organiz
unction of real-world systems.
lassical community detection methods primarily rely on network topology. Modularity optimization approac
ing the Girvan–Newman algorithm and its successors (Girvan and Newman, 2002; Newman and Girvan, 2
an, 2006), remain influential for their ability to reveal cohesive modules in networks, with the Louvain me

ially popular for its efficiency and scalability on large graphs (Blondel, Guillaume, Lambiotte and Lefeb
. Spectral clustering methods exploit the eigenspectrum of graph Laplacians to identify low-dimens
ddings of network structure (Shi and Malik, 2000; Ng, Jordan and Weiss, 2002; von Luxburg, 2007), w
graph-based strategies include edge betweenness (Radicchi, Castellano, Cecconi, Loreto and Parisi, 20
m-walk methods (Pons and Latapy, 2005; Rosvall and Bergstrom, 2008), and label propagation (Ragha
t and Kumara, 2007). Probabilistic formulations such as the mixed-membership stochastic block model ex
orresponding author
panpan.zhang@vumc.org (P. Zhang)
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Covariate Connectivity Combined Clustering

pological perspective (Airoldi, Blei, Fienberg and Xing, 2008). These methods effectively detect well-sepa
rs but struggle when relevant signals are not fully encoded in connectivity alone, motivating the use of
utes to enhance community detection.
ovariate-assisted methods extend community detection by combining network topology with node attrib
riate-assisted spectral clustering (CASC) integrates connectivity and attributes but requires the numbe
unities to be specified in advance (Binkiewicz, Vogelstein and Rohe, 2017). To improve performance in sp
rks, regularization strategies have been proposed to stabilize estimation (Yan and Sarkar, 2021). Baye
works offer complementary strategies. Tallberg (2004) introduced one of the earliest covariate-dependent b
ls, and Newman and Clauset (2016) formalized inference in annotated networks. Recent developments exten
astic block model to incorporate covariates via random partition models (Shen, Amini, Josephs and Lin, 20
factor formulations (Louit et al., 2025), and multilayer settings (Contisciani, Power and De Bacco, 2020; Xu, Z
ang, 2023). Empirical applications also demonstrate the utility of attributes, such as in collaboration networ

ticians (Zhang, Pan, Wang and Su, 2023). Information-theoretic approaches provide another route for integr
utes with topology. For instance, Emmons and Mucha (2019) extend the content map equation by introduc
g parameter that explicitly trades off metadata agreement against topological description; Peel, Larremore
et (2017) show that node metadata should not be treated as ground-truth communities and propose model-b
to test and quantify how strongly metadata relate to network structure. To the best of our knowledge, most exi
ds address only a subset of the following objectives: supporting weighted connectivity, integrating explici
retable topological-covariate balance, and selecting the number of communities in a data-driven manner.

o fill this gap, we propose Covariate Connectivity Combined Clustering (C4), an interpretable covariate-ass
ral clustering framework for weighted networks. The method jointly incorporates weighted network structure

ative node attributes, adaptively selects the tuning parameter that balances these two sources of informa
etermines the number of communities in a data-driven manner. In contrast to existing Bayesian formulat
oids reliance on computationally intensive Markov chain Monte Carlo procedures and is straightforwa
ment. Through extensive simulations, we show that C4 achieves higher clustering accuracy and robustness
eting methods across a wide range of network configurations, both when the number of communities is kn
nknown. Application to an airport reachability network reveals geographically coherent and demographi
retable communities, further demonstrating its utility and interpretability. Together, these results establish C
tical and robust solution for covariate-assisted community detection in weighted networks.

he remainder of the paper is organized as follows. Section 2 details the proposed C4 algorithm, including
ruction of the covariate-based similarity matrix, the fusion of connectivity and covariate information, the sele
tuning parameter, and the practical implementation. Section 3 reports simulation studies conducted under

n and unknown community numbers, evaluating the accuracy and robustness of C4 across a variety of netw
gurations. Section 4 presents an application to an airport reachability network, illustrating the scalability
retability of the method in practice. Section 5 discusses the limitations and future directions.

ethod
e begin with introducing notations for weighted networks and covariates (Section 2.1). Then, we detail
ctivity and covariate information are fused within a spectral clustering framework (Section 2.2) and describ
dure for selecting the tuning parameter (Section 2.3). Implementation details are provided in Section 2.4.
Notations
e first introduce notations for the weighted network and node-level covariates. Let 𝐺 ∶= 𝐺(𝑉 ,𝐸) repres
ted, undirected network with node set 𝑉 and edge set 𝐸. Let |𝑉 | = 𝑛 be the number of nodes in 𝐺. The stru
s characterized by a weighted adjacency matrix 𝑾 ∶= (𝑤𝑖𝑗)𝑛×𝑛, where 𝑤𝑖𝑗 is the weight between nodes 𝑖, 𝑗 ∈
es 𝑖 and 𝑗 are not connected, then we set 𝑤𝑖𝑗 = 0. Further, we do not consider self-loops by enforcing 𝑤𝑖𝑖l 𝑖 ∈ 𝑉 . For each node 𝑖, let 𝑧𝑖 ∈ {1, 2,… , 𝐾} denote its community label, where 𝐾 is the total numb
unities. Collectively, 𝒛 = (𝑧1, 𝑧2,… , 𝑧𝑛)⊤ represents the clustering assignment of all nodes. In practice,
wn.

ach node 𝑖 is endowed with a 𝑝-dimensional covariate vector 𝑿𝑖 collecting the node-level features. Let 𝑓
ℝ𝑝 ↦ ℝ be a similarity function that quantifies the closeness between 𝑿𝑖 and 𝑿𝑗 for each pair of 𝑖, 𝑗 ∈

larger values indicating greater similarity. Distances followed by inverse transformations are commonly u
et al.: Preprint submitted to Elsevier Page 2 of 17
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Covariate Connectivity Combined Clustering

dean distance for continuous variables, Hamming distance for categorical variables, and more flexible me
s Gower’s distance for mixed data (Wang, Yabes and Chang, 2021). The choice of inverse transformation dep
th the selected distance function and the practical interpretation of the real data. Let 𝑺 ∶= (𝑠𝑖𝑗)𝑛×𝑛 denot

arity matrix, with 𝑠𝑖𝑗 = 𝑓 (𝑿𝑖,𝑿𝑗). In applications, the function 𝑓 may be chosen to represent either cova
mity or a more general covariate-derived affinity, depending on the scientific meaning of the nodal attribute
Covariate Connectivity Combined Clustering
ur C4 integrates network topology and node-level covariates within a spectral clustering framework. This me
es uncovering communities that are not only structurally cohesive but also homogeneous with respect to rele
attributes. Define 𝑪 ∶= (𝑐𝑖𝑗)𝑛×𝑛 = (1 − 𝛼)𝑾 + 𝛼𝑺, where 𝛼 ∈ [0, 1] is a tuning parameter balancing

ural and covariate similarity. Setting 𝛼 = 0 reduces to structure-only clustering, while 𝛼 = 1 refers to covar
clustering. Intermediate values of 𝛼 fuse the two information sources. Because 𝑾 and 𝑺 may differ in scale
le 𝑺 so that its total sum matches that of 𝑾 :

𝑺 ← 𝑺 ×
∑

𝑖,𝑗 𝑤𝑖𝑗∑
𝑖,𝑗 𝑠𝑖𝑗

.

adjustment ensures that neither source dominates due to magnitude differences.
or any fixed choice of 𝛼, spectral clustering is performed on the normalized Laplacian of 𝑪 :
𝑳norm = 𝑰 −𝑫−1∕2𝑪𝑫−1∕2,

𝑰 is the identity matrix, and 𝑫 is a diagonal matrix with 𝑑𝑖𝑖 ∶=
∑𝑛

𝑗=1 𝑐𝑖𝑗 . Spectral clustering inter
unity detection as an eigenvalue problem, embedding nodes in the eigenspace of 𝑳norm (Chung, 1997; Ng e
von Luxburg, 2007). Communities are then identified using 𝑘-means applied to the eigenvectors correspon
smallest eigenvalues. The number of clusters 𝐾 is chosen adaptively via an eigengap heuristic (Ng et al., 20

fically, if 𝜆(1), 𝜆(2),… , 𝜆(𝑛) are the ordered eigenvalues of 𝑳norm, we set
𝐾 = arg max

𝑘∈{2,…,𝑛−1}

(
𝜆(𝑘+1) − 𝜆(𝑘)

)
.

ultiplicity of the zero eigenvalue of 𝑳norm equals the number of connected components in the graph. In prac
the graph is connected, there is a single zero eigenvalue; the eigengap heuristic is applied to the ordered sequ
envalues, including the zero(s). This eigengap step is a standard practical rule for selecting 𝐾 when the num

mmunities is unknown, and it provides an automated implementation of C4 rather than a new estimator of 𝐾
Tuning Parameter Selection
he tuning parameter 𝛼 is selected through a data-driven grid search that maximizes the silhouette score, a dista

criterion measuring how well nodes are clustered. Since its appearance (Rousseeuw, 1987), the silho
has become a standard internal validation criterion because it simultaneously quantifies within-cluster cohe
etween-cluster separation, while not requiring external labels (Shahapure and Nicholas, 2020). Because o
tness, direct interpretability, and ease of use, the silhouette score has become a prevalent metric for m
ion, particularly in clustering research (Dudek, 2020; Januzaj, Beqiri and Luma, 2023).
o operationalize this selection, the silhouette score is computed from pairwise node distances derived from
adjacency-similarity matrix 𝑪 . The distance between nodes 𝑖 and 𝑗 is defined as 𝑑(𝑖, 𝑗) = 1∕(𝑐𝑖𝑗 + 𝜀), w
notes the integrated similarity in 𝑪 and 𝜀 > 0 provides numerical stability. This definition ensures that stro
arities correspond to shorter distances. For each candidate 𝛼 in the pre-specified grid 𝔸, we construct 𝑪 , esti
mber of clusters 𝐾 by the eigengap heuristic (Section 2.2), and evaluate the silhouette score. The final choi
𝛼 and 𝐾 is obtained jointly by selecting the pair (𝛼,𝐾) that maximizes the silhouette score. The adaptive as

refers to empirical tuning of the relative contribution of network connectivity and node covariates within
representation. The selected value 𝛼opt is therefore interpreted as the value favored by the silhouette crite

r than as a theoretically optimal estimator of a population-level fusion weight. Establishing oracle optimali
ould require a fully specified joint generative model for weighted edges and node covariates alongside a w

ed optimality metric. Thus, the selection of 𝐾 by the eigengap heuristic and the selection of 𝛼 by the silhou
criterion should be understood as practical procedures for implementing C4 in data applications, rather tha

etically guaranteed model-selection methods.

et al.: Preprint submitted to Elsevier Page 3 of 17
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Covariate Connectivity Combined Clustering

orithm 1: Pseudocode for C4.
put: Weighted adjacency matrix 𝑾 ; covariate similarity matrix 𝑺; grid for tuning parameter 𝔸; number o

clusters 𝐾true (optional).
utput: Community labels 𝒛; optimal tuning parameter 𝛼opt; number of clusters 𝐾opt (user-provided or

data-driven).
escale 𝑺 with Equation (1);
reach 𝛼 ∈ 𝔸 do

Construct 𝑪 ← (1 − 𝛼)𝑾 + 𝛼𝑺;
Compute the normalized Laplacian 𝑳norm of 𝑪 using Equation (2);
Calculate and sort the eigenvalues of 𝑳norm: 𝜆(1) ≤ ⋯ ≤ 𝜆(𝑛);
if 𝐾true is not null then

Set 𝐾(𝛼) ← 𝐾true;
else

Set 𝐾(𝛼) ← argmax𝑘∈{2,…,𝑛−1}
(
𝜆(𝑘+1) − 𝜆(𝑘)

);
end
Extract community labels 𝒛(𝛼) by applying the 𝑘-means algorithm to the eigenvectors corresponding to
𝜆(1),… , 𝜆(𝐾(𝛼));

Compute the silhouette score SilS(𝛼) based on 𝑪 and 𝒛(𝛼) using distance 𝑑(𝑖, 𝑗) = 1∕(𝐶𝑖𝑗 + 𝜀);
d

et 𝛼opt ← argmax𝛼∈𝔸 SilS(𝛼), 𝒛 ← 𝒛(𝛼opt), and 𝐾opt ← 𝐾(𝛼opt);
turn 𝒛, 𝛼opt, and 𝐾opt.

Implementation
he pseudocode for C4 is provided in Algorithm 1. An open-source and user-friendly R package, c4, is avai
itHub. The package provides functions for performing spectral clustering, including the proposed C4 and
iate-assisted spectral clustering (CASC) method by Binkiewicz et al. (2017), along with additional utilitie
ocessing and evaluation. Although several CASC implementations are publicly available, the original rC
from Binkiewicz et al. (2017) did not run properly in our experiment, mainly due to incompatibility with upd
eral supporting R package. In addition, the CASC() function in the CASCORE package (Hu and Wang, 2
s only when the covariate dimension exceeds the number of clusters, which limits its applicability. Hence

oped our own implementation of CASC in package c4, with the full workflow illustrated in a vignette,
eneration and preprocessing to clustering. All random seeds used in our simulations are properly document
e reproducibility.

imulations
imulation study evaluates the performance of the proposed C4 method under controlled network topology
iate signal conditions. The study consists of two parts. The first examines scenarios where the numbe
rs 𝐾 is known, while the second considers a more realistic setting where 𝐾 is unknown. In both parts, C
ared with two fixed baselines: (1) structure-only clustering, which applies spectral clustering to the weig
ency matrix 𝑾 (corresponding to 𝛼 = 0); and (2) covariate-only clustering, which applies spectral clusterin
variate similarity matrix 𝑺 (corresponding to 𝛼 = 1). Unlike these baselines, C4 adaptively selects 𝛼 from

g grid 𝔸 to optimize clustering performance. In the simulations, the default grid is 𝔸 = {0, 0.1, 0.2,… , 1
ce, users may specify this grid. A finer grid may be used when a more detailed assessment of the connectiv
iate balance is desired, with additional computational cost. In practice, sensitivity to the grid resolution ca
sed by repeating the analysis with a finer grid and examining the stability of the selected 𝛼, 𝐾 , and resu
unity assignments.

dditional benchmark methods are included to compareC4 with established covariate-assisted, spectral, modul
, and model-based community detection approaches. When 𝐾 is known, we include CASC (Binkie
, 2017), the Spectral Clustering On Ratios-of-Eigenvectors (Jin, 2015, SCORE), and the stochastic b
et al.: Preprint submitted to Elsevier Page 4 of 17
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Covariate Connectivity Combined Clustering

l (Holland, Laskey and Leinhardt, 1983, SBM). When 𝐾 is unknown, we include Louvain’s algorithm (Blo
, 2008) and SBM. This design separates the effect of covariate information from the effect of automat
ion, because CASC requires a specified 𝐾 , whereas Louvain and SBM can be applied in the unknow
arison considered below. All simulation codes and random seeds are provided in the online supplemen
e reproducibility.
Data Generation
he simulation design systematically varies network size, cluster number, and covariate and structural s
ths to evaluate C4 under conditions of increasing difficulty. Networks of size 𝑛 ∈ {400, 800} were gene
𝐾 ∈ {4, 8} communities. The strength of covariate signal was jointly determined by the distances among cl
s and the noise parameter 𝜎. Specifically, each node was associated with a three-dimensional covariate v
3) drawn from a multivariate normal distribution MVN(𝝁𝑘, 𝜎2𝑰) if node 𝑖 belongs to cluster 𝑘 ∈ {1, 2,…
𝝁𝑘 ∈ ℝ3 denotes the cluster mean and 𝜎 controls within-cluster variability.

he covariate structure controlled overlap among communities through the configuration of cluster centers
ise parameter 𝜎. When 𝐾 = 4, the cluster centers 𝝁𝑘 corresponded to the four vertices of a regular tetrahe

red at the origin with fixed edge length 10. When 𝐾 = 8, they were positioned at the eight vertices of a
red at the origin with the same edge length. The degree of overlap, and thus the strength of the covariate signal
mined jointly by the distances between cluster means and the value of 𝜎. We considered 𝜎 ∈ {2, 3}, represen
ctively strong and weak separation. Pairwise dissimilarity between nodes was measured by the Euclidean dista
e similarity matrix 𝑺 was defined as 𝑠𝑖𝑗 = 1∕‖𝑿𝑖 −𝑿𝑗‖2 for 𝑖 ≠ 𝑗 and 𝑠𝑖𝑖 = 0. This design provided contin

iates with tunable signal strength for evaluating information fusion in clustering.
n the other hand, the strength of the structural signal was controlled by edge probabilities and weights. Sp
, network topology was generated by fixing the within-community edge probability at 𝑏win = 0.6 and var
etween-community probability 𝑏btw ∈ {0.3, 0.4, 0.5}. Both unweighted and weighted networks were exam

weighted case, each edge weight 𝑤𝑖𝑗 was independently drawn from Gamma(2, 𝜃) with 𝜃btw = 1 for betw
unity edges and 𝜃win ∈ {1, 1.25, 1.5} for within-community edges. Increasing 𝑏btw or decreasing 𝜃win weak

ructural contrast between communities, making the clustering problem more difficult. Together, variation in
win provides sensitivity analyses for structural separation and edge-weight distribution. In contrast, larger netw

improved estimation stability and enhanced separation. Each combination of (𝑛,𝐾, 𝜎, 𝑏btw) and weigh
e, either unweighted or weighted with a given 𝜃win, was replicated 100 times to ensure reliable compari

s methods.
Results
e separately report the results from settings with known 𝐾 and unknown 𝐾 .

. Known K
he experiments with known 𝐾 evaluated how accurately and consistently C4 recovered community struc
the true number of clusters was provided. This setting isolates the effect of the fused similarity matrix
in estimating 𝐾 , and it therefore provides a direct comparison of clustering accuracy across methods. Cluste

acy was measured by the Adjusted Rand Index (ARI, Rand, 1971), which quantifies agreement between estim
ue community assignments, is unaffected by label switching, and remains stable under unbalanced group s
e 1 displays boxplots of the ARI from 100 replicates under each simulation setting for different method
on to the fixed baselines and CASC, the known-𝐾 comparison includes SCORE and SBM as topology-b
marks.
cross all settings, weakening the structural signal lowers accuracy for the baselines, while C4 remains stabl
ighted networks, holding 𝜎, 𝑛,𝐾 and 𝑏win = 0.6 fixed, increasing 𝑏btw from 0.3 to 0.5 reduces within- and betw
unity contrast and drives the ARI for 𝛼 = 0 sharply downward in every panel of the top row of Figure 1. C
C4 when the structure is strong (e.g., 𝑏btw = 0.3) but deteriorates more quickly as 𝑏btw grows, with lower med

reater dispersion. The same pattern appears in weighted networks as 𝜃win decreases. For example, in Figu
𝜎 = 2, 𝑛 = 400, and 𝐾 = 8, 𝛼 = 0 continues to fall as 𝜃win moves from 1.5 to 1, CASC declines noticeably
anges little with small variance. These comparisons imply that CASC is more sensitive to structural weaken
as C4 maintains accuracy and stability. SCORE and SBM follow the same general pattern. They perform
the network topological structure is informative, but their accuracy declines as the structural signal weaken
et al.: Preprint submitted to Elsevier Page 5 of 17
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Covariate Connectivity Combined Clustering

(a) Network size 𝑛 = 400.
σ = 2,  K = 4 σ = 2,  K = 8 σ = 3,  K = 4 σ = 3,  K = 8

bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5

(b) Network size 𝑛 = 800.
σ = 2,  K = 4 σ = 2,  K = 8 σ = 3,  K = 4 σ = 3,  K = 8

bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5

C4 α = 0 α = 1 CASC SCORE SBM

Figure 1: Side-by-side ARI boxplots for known 𝐾 ∈ 4, 8 with 𝑛 = 400 (upper) and 𝑛 = 800 (lower).
et al.: Preprint submitted to Elsevier Page 6 of 17
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Covariate Connectivity Combined Clustering

1

mary of the selected community number 𝐾 for 𝑛 = 400, 𝑏
btw

= 0.4, 𝜃
win

= 1.25, and true 𝐾 = 8: Sensitivity to
-to-noise ratio 𝜎 ∈ {2, 3}. Entries represent frequencies over 100 simulation replications, with the most frequ
ed value of 𝐾 highlighted in blue.

𝜎 = 2 𝜎 = 3

Method 2 3 4 5 6 7 8 ≥ 9 2 3 4 5 6 7 8 ≥ 9

𝛼 = 0 34 20 17 8 11 7 1 2 34 20 17 8 11 7 1 2
𝛼 = 1 2 0 59 1 0 0 34 4 2 0 95 3 0 0 0 0

C4 0 0 0 0 0 0 98 2 1 0 56 3 1 7 30 2
Louvain 0 0 0 0 9 45 33 13 0 0 0 0 9 45 33 13
SBM 0 2 8 14 25 19 30 2 0 2 8 14 25 19 30 2

hen the covariate signal weakens, 𝛼 = 1 drops, but C4 remains stable and often outperforms. Comparing Fig
2 versus 𝜎 = 3 with 𝑛 = 400 and 𝐾 = 8, both C4 and CASC achieve high ARI when the structure is strong (
1.5 with 𝑏btw ∈ 0.3, 0.4), indicating limited sensitivity to covariate noise under dominant structural topo

ructural information becomes limited, increasing 𝜎 depresses CASC more than C4: medians shift downward
ility grows across all three 𝑏btw levels, while C4 retains higher medians and smaller dispersion. These pat
that when covariate signal is weaker and structure is not decisive, C4 provides a better balance between the
es and preserves accuracy.
arger networks and fewer communities improve clustering accuracy for all methods, but C4 continues to
dian ARI and stability. Gains are evident as 𝑛 increases or 𝐾 decreases across panels, reflecting more s
vectors and easier separation. SCORE and SBM also benefit from larger 𝑛 and stronger weight contrast, but
rmance remains limited when the network structure provides little separation. This limitation is most visible u
treme setting (𝑏btw = 0.5, 𝜃win = 1, 𝐾 = 8), where the structure provides little usable information. In this
lects 𝛼 = 1 and relies on covariates, yielding reasonable clustering despite negligible topology. Although
are uncommon in practice, they illustrate the adaptive mechanism: C4 shifts weight away from uninform
ure to maintain performance.
. Unknown K
he next experiment considered the more realistic setting in which the number of communities 𝐾 was unkn
4, topology-only clustering (𝛼 = 0), and covariate-only clustering (𝛼 = 1), the selection of 𝐾 followed
dure described in Algorithm 1. Louvain and SBM determined 𝐾 through their respective selection procedu
he accuracy of𝐾 estimation was examined first. Table 1 presents a representative example with moderate topo
ure: 𝑛 = 400, 𝑏btw = 0.4, and 𝐾 = 8, using edge weights from a Gamma distribution with scale 𝜃win = 1.
guration typical of many weighted networks where within-community edges have larger average weights. Re
ported for two levels of the signal-to-noise ratio controlled by 𝜎 ∈ {2, 3}.
he 𝐾-selection results show that integrating structure and covariates improves estimation when each so
ins partial community information. The baseline method 𝛼 = 0 underestimates the number of clusters, refle
ifficulty of extracting sufficient community information under moderate network structure. When the cova
l is strong (𝜎 = 2), 𝛼 = 1 correctly identifies 𝐾 = 8 in about one-third of cases, but it also tends to underesti

integrating both sources, C4 achieves near-perfect accuracy and substantially outperforms either baseline. W
variate signal weakens to 𝜎 = 3, 𝛼 = 1 fails to identify the correct 𝐾 , whereas C4 still identifies 𝐾 = 8 in

ses by increasing the weight on structural information. Louvain and SBM show reasonable performance in
sentative setting but still tend to underestimate 𝐾 relative to C4. The same qualitative pattern appears across o
eter combinations (Appendix A), indicating that C4 provides more reliable 𝐾 selection across structural

iate signal strengths.
lustering accuracy with unknown𝐾 remains highest and most stable for C4 across all simulation settings. Box
ure 2 show that, although every method suffers some loss of accuracy relative to the known 𝐾 case (Figur
nsistently attains the highest or tied-for-highest median ARI with smaller dispersion. Louvain and SBM per
hen network communities are strongly separated, but their accuracy decreases as the structural signal weak
both structural and covariate information are strong (e.g., 𝜎 = 2, 𝐾 = 4, 𝑛 = 400, 𝑏btw = 0.3), C4 effect
et al.: Preprint submitted to Elsevier Page 7 of 17
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Covariate Connectivity Combined Clustering

(a) Network size 𝑛 = 400.
σ = 2,  K = 4 σ = 2,  K = 8 σ = 3,  K = 4 σ = 3,  K = 8

bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5

(b) Network size 𝑛 = 800.
σ = 2,  K = 4 σ = 2,  K = 8 σ = 3,  K = 4 σ = 3,  K = 8

bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5

C4 α = 0 α = 1 Louvain SBM

Figure 2: Side-by-side ARI boxplots for unknown 𝐾 ∈ {4, 8} with 𝑛 = 400 (upper) and 𝑛 = 800 (lower).
et al.: Preprint submitted to Elsevier Page 8 of 17
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Covariate Connectivity Combined Clustering

the two sources and matches or surpasses the best competing method performance. When only one sour
le, either strong topology but weak covariates (𝜎 = 3) or strong covariates but weak topology (𝑏btw =
tomatically assigns greater weight to the informative component, maintaining high and stable ARI. Even w
signals are weak, C4 produces superior accuracy to the competing methods. Patterns remain consistent ac
ted networks and different values of 𝑛 and 𝐾 . In extreme configurations characterized by weak structure
covariates (𝑏btw = 0.5, 𝜎 = 3, 𝐾 = 8), C4 tends to select 𝛼 = 1, effectively reducing to covariate-only cluste
s of these cases and the resulting 𝐾 distributions are provided in Appendix A.
e also conducted an auxiliary simulation with integer-valued Poisson edge weights using the degree-corre

astic block model (Karrer and Newman, 2011, DCSBM) as an additional benchmark; details are provide
ndix B. This analysis was motivated by the importance of degree heterogeneity in many real-world netw
eas the main simulations use continuous edge weights, the available DCSBM implementation is designe
r-valued or count-type edge weights. We therefore generated a separate set of networks with Poisson-distrib

weights to enable comparison with DCSBM under a compatible setting. In this auxiliary analysis, DCSBM
etitive in some stronger-signal configurations, especially when 𝐾 = 4, but did not provide a uniform advan
𝐾 = 8 or when the structural signal was weak. See Appendix B for details.

pplication to Airline Reachability Network
e applied our method to an Airline Reachability Network (ARN) dataset (Frey and Dueck, 2007). The da
res the reachability relationships among 456 major cities in the United States (including Alaska and Hawaii)
da, reflecting how easily each city can be accessed by others in terms of estimated commercial airline travel ti
node represents a city, and a directed edge from city 𝑖 to city 𝑗 is established if the estimated airline travel
𝑖 to 𝑗, including expected stopover delays, does not exceed 48 hours. The travel times in ARN range from
tes for short regional flights to nearly 48 hours for the longest multi-leg itineraries. Because airline routes ar
s reciprocal and prevailing headwinds cause directional differences in flight durations, the ARN exhibits
ural and weight asymmetries: some city pairs are connected only in one direction due to route availability
for bidirectional pairs, the edge weights from 𝑖 to 𝑗 and from 𝑗 to 𝑖 differ because of flight-time asymmetry. Am
1,959 directed edges, 34,012 city pairs are bidirectional and 3,935 are unidirectional. Among the bidirect
, 98% have different weights.
e construct an undirected, weighted network by including only city pairs that are mutually connected via dire
. The edge weight is computed as the inverse of the mean bidirectional travel time between nodes 𝑖 and
horter travel times correspond to stronger connections. The resulting undirected ARN exhibits substantial de
geneity: a small number of hub cities connect to hundreds of cities, whereas most smaller regional cities have
connections. Such structural characteristics make the ARN a challenging but informative setting for evalu
4 method.
e incorporate a single node-level covariate for each city: the logarithm of the surrounding metropo
ation (Benson, Gleich and Leskovec, 2016). Population size captures the scale of travel demand and the rel
rtance of a city within the airline mobility system, making it a relevant factor for characterizing node-
geneity. For each city pair, we define a population-based covariate affinity as

𝑠𝑖𝑗 =
log(pop𝑖) + log(pop𝑗)

2
.

e the distance-based similarity used in the simulations, this quantity is not intended to measure proximi
ation size. Instead, it captures the joint population scale, or shared travel-demand potential, associated w
ction between two cities. In other words, the affinity reflects the combined magnitude of the population-b
nd signal at the two endpoint cities: two large metropolitan areas receive a high covariate affinity, a pair consi
e large and one smaller city receives an intermediate affinity, and two smaller cities receive a relatively
ty. This application-specific definition is appropriate here because population size reflects market scale ra
a clustering feature for which closeness in value is necessarily the desired notion of similarity. More gener
an affinity is appropriate when a nodal covariate is intended to represent the magnitude or intensity assoc
a pair of nodes, rather than homophily or proximity in covariate values.
he ARN application illustrates how C4 combines travel-time connectivity and population-based affinity
ted empirical network. Applying the method gives the selected tuning parameter 𝛼 = 0.4 and selects 𝐾
et al.: Preprint submitted to Elsevier Page 9 of 17
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Covariate Connectivity Combined Clustering

Cluster 1
Cluster 2
Cluster 3
Cluster 4
Cluster 5
Cluster 6
Cluster 7
Cluster 8

Figure 3: Clustering result based on application of C4 to the ARN.

2

ary of community properties of airports across the U.S. and Canada, including community size, largest city (in t
de strength), and metropolitan population median.

Size Largest City Population Median

Cluster 1 106 Atlanta, GA 357,728
Cluster 2 75 Chicago, IL 187,612
Cluster 3 74 Washington, DC 133,310
Cluster 4 59 Phoenix, AZ 211,888
Cluster 5 54 Denver, CO 46,388
Cluster 6 37 Toronto, ON 53,100
Cluster 7 29 Vancouver, BC 46,850
Cluster 8 22 Seattle, WA 13,732

on the eigengap heuristic. Figure 3 depicts the community structure, with node size proportional to stren
ed as the sum of incident edge weights. For clarity, edges between nodes are omitted in the figure. Table 2 rep
cluster’s size, largest city by node strength, and median metropolitan population, while Table 3 reports wi
etween-cluster densities, defined as the proportion of observed edges among all possible node pairs.
he estimated ARN communities show that population scale and connection intensity define distinct dimens

airline network. Clusters 1–2 contain large metropolitan areas such as Atlanta and Chicago, combining
ation with strong internal ties that form national travel corridors. Clusters 3–4 include major cities suc
ington DC, New York, Phoenix, and Los Angeles, representing large markets with lower densities becau
wide geographic span. Clusters 5, 7, and 8 include metropolitan cities such as Denver, Vancouver, and Se
although smaller than New York or Los Angeles, exhibit high internal cohesion. Cluster 6, with Toronto am
gest members, spans distant Canadian provinces and exhibits the weakest internal linkage. These patterns s
4 separates population scale from connectivity intensity in the ARN.

lusters 1–4 contain populous U.S. regions that anchor the national air-transportation system but differ marked
internal connectivity. Cluster 1, centered on Atlanta, the largest city in the group, extends through the South
nto the eastern Midwest, while Cluster 2, led by Chicago, links central U.S. markets with the East Coas
ast, Cluster 3 comprises several global metropolitan centers including Washington DC, New York, Philadel
oston, yet extends southward to tourism-linked cities such as Orlando and Miami. Cluster 4, encompas
et al.: Preprint submitted to Elsevier Page 10 of 17
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Covariate Connectivity Combined Clustering

3

n- and between-community densities (in percentage) based on the clustering result.

C-1 C-2 C-3 C-4 C-5 C-6 C-7 C-8

C-1 67 47 39 35 29 14 11 11
C-2 68 36 33 33 16 16 14
C-3 47 29 24 22 12 13
C-4 54 45 12 22 36
C-5 71 8 15 15
C-6 45 28 5
C-7 68 14
C-8 71

nix, Los Angeles, Las Vegas, San Francisco, and tourist destinations in Hawaii, comprises major metropo
in the western region and exhibits a hub-dominated structure.
lusters 5–8 represent smaller but more cohesive regional systems, largely situated in the Mountain West
ent western regions of the United States and Canada. Clusters 5, 7, and 8 share a common pattern of com
aphy and strong internal ties despite modest population size. Cluster 5, centered on Denver, connects nume
y Mountain cities into a dense network. Cluster 7, dominated by Vancouver, forms a tightly connected we
dian region, and Cluster 8 links Seattle with airports in Alaska and the Pacific Northwest, making it the sma
ost internally connected community. In contrast, Cluster 6, with Toronto as its largest city, spans central Cana
nces, reflecting long distances between major population centers therein. These patterns demonstrate that com
aphy, rather than market size, drives cohesion, a distinction the C4 method captures effectively within the ai
rk.

iscussion
his study proposes a clustering framework, C4, which adaptively integrates network topology and node-
iate information through a data-driven weighting mechanism. The method unifies structure- and covariate-b
unity detection within a single framework that allows both the tuning parameter 𝛼 and the number of cluste

automatically selected or flexibly specified by the user. Because the covariate similarity matrix 𝑺 is norma
tch the scale of the adjacency matrix 𝑾 , the tuning parameter 𝛼 gains a clear and interpretable meanin

ast to the CASC algorithm (Binkiewicz et al., 2017), where such interpretation is not directly available due t
atch of scales. Simulation results show that C4 consistently achieves accurate and stable recovery of commu
ures across diverse configurations.
he computational cost of C4 follows from the spectral decomposition required for each candidate value of 𝛼
𝛼 ∈ 𝔸, the algorithm constructs the fused matrix 𝑪𝛼 , forms the normalized Laplacian, computes the spe
dding, and applies 𝑘-means. The covariate similarity matrix 𝑺 is constructed once, with cost 𝑂(𝑛2𝑝) fo
sional covariates. In a dense implementation with full eigen-decomposition, the dominant cost is 𝑂(|𝔸|𝑛3
on to the cost of 𝑘-means and silhouette-score evaluation. Thus, C4 has the same leading-order cost as stan
ral clustering for a fixed 𝛼, with an additional multiplicative factor determined by the grid size |𝔸|. Becaus
iate similarity matrix is generally dense, sparse matrix acceleration for the original adjacency matrix may
over directly to the fused matrix. The main simulation study considers networks of size 𝑛 = 400 and 𝑛 = 800
refore intended primarily to assess clustering performance rather than large-scale scalability. Empirical run
s for representative simulation settings are provided in Appendix C. Larger-scale computational benchmar
ns an important direction for future work.
everal practical limitations arise from the empirical tuning rule and the user-specified covariate similarity mea

the covariate information consists of a single categorical variable, the silhouette score may become degene
ving its maximum value of 1when the clustering is trivially determined by the covariate (𝛼 = 1). A similar con
rise when a categorical covariate nearly determines the resulting partition, potentially resulting in values
to 1. This degeneracy prevents adaptive selection of 𝛼, as the silhouette criterion become uninformative u

ctly separable partitions. Potential remedies include restricting the upper range of 𝛼, down-weighting the cova
arity matrix, or using a penalized selection criterion that discourages purely covariate-defined partitions.

et al.: Preprint submitted to Elsevier Page 11 of 17
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Covariate Connectivity Combined Clustering

nt implementation also relies on a fixed grid over 𝛼 and a chosen similarity measure. Data-driven procedure
ing the covariate distance or similarity measure, especially for mixed-type covariates, would be a useful exten
arly, sensitivity to the covariate representation can be examined by repeating the analysis with scientifi
nable alternative distance or similarity measures and assessing the stability of the resulting clustering. Fu
rch could also examine how heterogeneous degree distributions or extreme weight variability affect cluste
hether normalization or degree-correction improves robustness. These extensions would clarify how muc
timated partition is attributable to topology, covariate affinity, or their interaction.
heoretical guarantees for C4 remain an important direction for future research. Although 𝛼opt is selected throu
driven criterion in the current implementation, this work does not establish its theoretical optimality. Develo

and consistency theory for 𝛼 under joint weighted-network and covariate generative models is one dire
ture work. Existing spectral clustering theory has established consistency under stochastic block models
d settings (von Luxburg, Belkin and Bousquet, 2008; Rohe, Chatterjee and Yu, 2011; Lei and Rinaldo, 20
ver, extending such guarantees to C4 would require new theoretical development for weighted networks
al covariate similarity matrices and the data-driven selection of 𝛼 and 𝐾 . Developing a principled estimat
thin the C4 formulation is another important direction for future work. Such results would need to specify
ation target, the admissible edge-weight and covariate distributions, and the conditions under which the f
cian has a stable eigenspace.

istribution of the Estimated Number of Communities
igures 4 and 5 present the empirical distributions of the estimated 𝐾 for 𝛼 = 0, 𝛼 = 1, and C4, as well as Lou
BM, across all simulation configurations. It is worth noting that in extreme scenarios where the structural s
erely weak and covariate signal is not strong either (e.g. 𝑏btw = 0.5, 𝐾 = 8, 𝜎 = 3, and 𝑛 ∈ {400, 8
𝜃win = 1 or the unweighted network, corresponding to the first and second rows in the last columns of
s in Figure 5.), the distribution of 𝐾 selection for C4 becomes identical to that of 𝛼 = 1. In these scena
tomatically places essentially all weight on the covariate information by selecting 𝛼 = 1. Although the 𝛼
d occasionally estimates the correct 𝐾 = 8 in these extreme settings, cross-comparison with Figure 2 shows
rare correct identifications still correspond to very poor clustering performance. Therefore, the covariate-
ior of C4 in these scenarios represents a rational adaptation that prioritizes clustering quality over nomi

ct but uninformative 𝐾 identification. However, in real applications, such an extreme scenario should pro
l reassessment of the data and may motivate restriction of the candidate 𝛼 range based on domain knowl

tain more reliable results. The additional topology-based benchmarks show distinct patterns: Louvain ten
er 𝐾 more reliably when the true number of communities is smaller, whereas SBM often shows greater variab
ected 𝐾 , particularly under weaker structural signals and larger 𝐾 .

uxiliary Simulation Based on DCSBM
ecause the available DCSBM implementation is designed for integer-valued or count-type edge weights
ated a separate set of weighted networks with positive integer-valued weights. The simulation followed the s
al structure as the main simulation study. Networks of size 𝑛 ∈ {400, 800} were generated with 𝐾 ∈ {
unities, and node covariates were generated from cluster-specific multivariate normal distributions with
controlling covariate separation. Network topology was generated with within-community edge probab

at 𝑏win = 0.6 and between-community probability 𝑏btw ∈ {0.3, 0.4, 0.5}. Conditional on the presence o
integer-valued weights were generated from Poisson distributions, with 𝜆btw = 1 for between-community e
win ∈ {1.1, 1.2, 1.3} for within-community edges. Each setting was replicated 100 times. We compared

ogy-only clustering (𝛼 = 0), covariate-only clustering (𝛼 = 1), Louvain, SBM, and DCSBM, with 𝐾 unkno
s shown in Figure 6, C4 remained the most accurate and stable method across most settings. The advantage
ularly clear when 𝐾 = 8 or when the structural signal weakened, where network-only methods such as Lou
, and DCSBM deteriorated more rapidly. DCSBM was competitive in some settings with stronger struc

ation, especially when 𝐾 = 4, but it did not provide a uniform advantage and often performed poorly in
challenging 𝐾 = 8 or weaker structural configurations. This pattern is consistent with the fact that the auxi
ation was designed to make DCSBM applicable to integer-valued weighted networks, but did not impose se
onal node-level degree heterogeneity beyond the block and weight structure.
et al.: Preprint submitted to Elsevier Page 12 of 17
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(a) Network size 𝑛 = 400.
σ = 2 σ = 3

bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5

2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9

(b) Network size 𝑛 = 800.
σ = 2 σ = 3

bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5

2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9

C4 α = 0 α = 1 Louvain SBM

e 4: Distribution of the 𝐾 selection under 𝐾
true

= 4 among all simulation con�gurations with 𝑛 = 400 (upper)
00 (lower).
et al.: Preprint submitted to Elsevier Page 13 of 17



Journal Pre-proof

U
nw

eighted
θ

w
in =

1
θ

w
in =

1.25
θ

w
in =

1.5

+

0

25

50

75

100

0

25

50

75

100

0

25

50

75

100

0

25

50

75

100

F
re

qu
en

cy
U

nw
eighted

θ
w

in =
1

θ
w

in =
1.25

θ
w

in =
1.5

+

0

25

50

75

100

0

25

50

75

100

0

25

50

75

100

0

25

50

75

100

F
re

qu
en

cy

Figur and
𝑛 = 8

Z. Hu
Jo
ur

na
l P

re
-p

ro
of

Covariate Connectivity Combined Clustering

(a) Network size 𝑛 = 400.
σ = 2 σ = 3

bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5

2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9

(b) Network size 𝑛 = 800.
σ = 2 σ = 3

bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5

2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9+ 2 3 4 5 6 7 8 9

C4 α = 0 α = 1 Louvain SBM

e 5: Distribution of the 𝐾 selection under 𝐾
true

= 8 among all simulation con�gurations with 𝑛 = 400 (upper)
00 (lower).
et al.: Preprint submitted to Elsevier Page 14 of 17
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(a) Network size 𝑛 = 400.
σ = 2,  K = 4 σ = 2,  K = 8 σ = 3,  K = 4 σ = 3,  K = 8

bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5

(b) Network size 𝑛 = 800.
σ = 2,  K = 4 σ = 2,  K = 8 σ = 3,  K = 4 σ = 3,  K = 8

bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5 bbtw = 0.3 bbtw = 0.4 bbtw = 0.5

C4 α = 0 α = 1 Louvain SBM DCSBM

e 6: Side-by-side ARI boxplots for unknown 𝐾 ∈ {4, 8} with 𝑛 = 400 and 𝑛 = 800 under integer-valued Poisson
ts.

omputational Runtime
o provide an empirical assessment of computational cost, we report average algorithm runtime for represent
ation settings. All simulations were conducted in R 4.4.2 on a compute node equipped with two 64-core A

9534 processors, with 101 CPU cores and 220 GB of memory allocated to each array task. The 100 simul
ations were run in parallel. Because runtime varies across network configurations, Table 4 reports the ave
e per replication for representative settings with true 𝐾 = 8, 𝑏btw = 0.4, and 𝜃win = 1.25.

he runtime of C4 is higher than that of the fixed 𝛼 = 0 and 𝛼 = 1 baselines, as expected because the me
ates multiple candidate values of 𝛼. Across the representative settings considered here, the average runtim
nges from approximately 1.9–2.9 seconds for 𝑛 = 400 and 16.5–25.9 seconds for 𝑛 = 800. These results pro
et al.: Preprint submitted to Elsevier Page 15 of 17
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4

ge algorithm runtime per simulation replication (in seconds) for the representative setting with true 𝐾 = 8, 𝑏btw =
win = 1.25. The averages are calculated over 100 replications.

𝐾 setting 𝜎 𝛼 = 0 𝛼 = 1 C4 CASC SCORE Louvain SBM

𝒏= 400

Known 𝐾 2 0.17 0.17 1.89 0.64 0.08 � 19.33
3 0.17 0.18 1.94 0.65 0.08 � 19.21

Unknown 𝐾 2 0.23 0.24 2.57 � � 0.11 511.34
3 0.26 0.27 2.85 � � 0.12 493.95

𝒏= 800

Known 𝐾 2 1.38 1.37 16.76 5.35 0.14 � 39.57
3 1.40 1.33 16.45 5.32 0.14 � 36.57

Unknown 𝐾 2 2.31 2.28 25.90 � � 0.24 2988.74
3 1.95 1.99 22.13 � � 0.24 2279.36

pirical reference for the network sizes studied in this work, rather than a comprehensive large-scale scalab
sment.
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